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Abstract
Eigenvalue problems are at the heart of computations in science, engineering,
industry simulation, computational finance and so on. Like symmetric matrix,
(complex) Hermitian matrices frequently arise from many application areas. As
most of the properties of symmetric matrix is also possessed by the Hermitian
matrix, so the theoretical part of Hermitian matrix problems are usually not
so important. However, from the numerical point of view, the biggest differ-
ence between these two types of matrices are Hermitian matrix involves complex
operations, while the real symmetric matrices don’t. It is well known that Her-
mitian matrix are unitary similar to the real diagonal matrix, that is, it have real
eigenvalue but complex eigenvector. Because the flops for the complex operation
is usually 4 times of the real case, so how to reduce the computation cost of
the eigenvalue problem of complex Hermitian is very meaningful and worthy of
research. The main work comprises three aspects as following.
1. We research a class complex Hermitian matrices called realificatable which
can be transformed into the same pattern of real symmetric matrices by diagonal
unitarily similarity, the class of realificatable Hermitian matrices includes tridi-
agonal and arrow matrices, such Hermitian matrix can be easily transformed to
the same pattern of real symmetric matrices by unitary similarity, but can hardly
be extended shown by a simple example.
2. We propose and analyze a real fast algorithm for eigenproblem of the
complex Hermitian matrix . Firstly use Wilkinson’s way to transform the com-
plex Hermitian matrix into the real symmetric matrix, moreover it has skew-
Hamiltonian structure and can been taken full advantage so that we use the sym-
plectic orthogonal similarity transformation and its structure-preserving property,
then reduce it to two by two block tridiagonal symmetric matrix, then an efficient,
fast and stable algorithm can be quickly obtained. Numerical experiments show
that the fast algorithm can solve any medium real complex Hermitian matrix
efficiently, stably and with high precision .
3. We present a real Istropic Lanczos structure-preserving algorithm for the
eigenvalue problem of large-scale complex Hermitian matrix. Aid the symmetry
and skew-Hamiltonian matrix via Wilkinson’s transform, to preserve the Isotropic
property, we propose an implicit restart Isotropic Lanczos method. Numerical
results show that this algorithm can efficiently solve the eigenvalue of large-scale
complex Hermitian matrix with high precision.
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_E6 Henk A. van der Vorst  G. H. Golub M` [94],XKX	\sHBa:1\ Jacobi [45] Rhm%AXKXMF?XKXMF	\^u 160 *TaB IXKX	\3XS|EM:DG7 1950 *Æ%FORTRAN `	 (1950s) vDMF>G7k9taXKX	\MF77ILGFI%GMF>B%ZlydaL	XK	\MFn1	) EISPACK  LAPACK 9CaLGXKX3XS|FIkOÆÆ<:I%yXKX	\S|FIG7TkHermitian XKX	\Vu|IvDS|ÆIXK	\lKFI
§1.1 M"$'}:yÆ<:I%℄h6XKX	\S|FIG7TkP>XKX	\S|FIA7vIg{V-ÆI [43] MFIXKXDXK*`Æ℄PITo =<:<&-vÆFIB1GK 1.1. e9)Ii A, m3X w0 . +~g tol.96Ii A z|ks λ .2Rzk3X ϕ.







kwk;} ||wk − θkvk|| < tol,  +b3 
end
λ = θk, ϕ = vk.W~ (λi, ϕi)  A XK>


















θk g$℄ A %ÆXKX (zXKX), vk g$℄$XK*`
ϕ1 (zXK*`). MF>9'--Ækh cos∠(w0, ϕ1) 6= 0 o+v ∠(w0, ϕ1) .7>I$℄D9`' (U7'=d$℄D9). W~I A XK*` ϕ1, ϕ2, . . . , ϕn h4Z Cn o<Id$℄D9zXKX λ1  λ2 WLk9B /^#




dist(span{vk}, span{ϕ1}) = O(|
λ2
λ1
|k). (1.2)I{MFXKXÆ<:FIToULS|XKX	\h}FI\=	B`	*Bka:l	H&`6- Googler ALPJ/ [14], =<FIMIÆ℄6IlUiq98m
(o). IE-> A tS(F (A − τI)−1 AI-Æt(IltX)Vh Rayleigh sa Rayleigh s-ÆÆ	 G. W.
Stewart ZtPWaoo\`(I [89]. IUitS(I-vSt)	 σ XKXBU λmax, FIlGK 1.2. lem3X w0, &J σ
k = 0;y




















?` 3	VtV{ x  Rayleigh s σ = ρ(x) = x∗Ax
x∗x
(I Rayleighs-ÆI
(E). r*`E-℄#isr*` v msr*`	a#t4Z-ÆI (g{Mn-ÆI;i-ÆI), oVG7h{ QR FI\qBiIG7{Æ QR FIÆPtTaosk[( [76] D Watkins Æ	t-:+ [95] D=h[( GK 1.3. l9 sm n× p l9Ii Z0
k = 0;y
Yk+1 = AZk;
Yk+1 = Zk+1Rk+1 ; (QR A);
k = k + 1;pvVGK 1.4. QR  s
A0 = A
k = 0;y
Ak = QkRk; (QR A)
Ak+1 = RkQk;
k = k + 1;pvV













?` 4| A %&EXK> (λ2, ϕ2), -v A "aI;B:YKI (I −ϕ1ϕ∗1)A(I −ϕ1ϕ∗1) AI-Æ=h ϕ1 { A %ÆXKX>XK*`Do"aE2Ha℄=<&YddWlgtS(E2y4Z"aE2\-o?U!G Jacobi-DavidsonFIEMPk (I − uu∗)(A− θI)(I − uu∗)t = −r [85].>(IB`Ha<&℄=SaN	*BLlHhMF9C$WXK>ÆÆJB`Nh Anderson?h`eÆ>gU/I$WXK>MF	\IÆ:D#S|tF (A− τI) M|D#BkSa:B [81].  XKX	\3XS|uuU,8X#-l1#S|$WXK>	\uuHhUS|Æ*#BkJIWlÆ	 M.
Bollhofer  Y. Notay %G JADAMILU n1 [12] h}MWoW.U Jacobi-Davidson FIB?p4Z>$W.Uh}77{NJ/ ILUPACK [13]  PARDISO/ML [80] BS|#BkXoZo2h}XKXKXFIuugI#Lo2~kFIBWlq:B3 Arnoldi FI [87], gq:B3
Arnoldi FIh, QR FI${ Jacobi-Davidson FI3{a Jacobi%I>q9-vD Davidson FI>>q9I%1?=	?4ZBd
§1.2 Hermitian P5BgT=>| MH*:DG7uLh}XKX3XS|FI	 [7,
34]. D2FI^t-vWh_K&oK QR ?FI (VuI), &EKlK?FI=h QR FISaS|h.Æ (IMF>z%ZG7BE-Eo+ZHDvDv) IZWXKXD$XK*`E{\QR FI$℄BW/B^ PÆuVa`huL< QR FIn1<s{ LAPACK [5] 
EISPACK [86] ho2XKXMFkO Matlabr [60] h eig  o>h.ÆI/o2=Nh,FIl Jacobi FIWBeTI D2PIuu1>v_sPÆ
1. q>q-X?osMnI Q,  Q∗AQ = T , T q>qI
2. S|q>qIXKXW|q>q-Hh n − 2 sMn Householder $?E2H(V 4
3
n3 flops. lHSXK*`3/Hh 8
3














1. QR FI QR -ÆIS|MXKXDXK*`ooPI℄HS| Hermitian q>qIMXKXHh(V O(n2) flops, /HS|MXK*`Hh(Vmo 6n3 flops.
2. WBeTIS|MXKXXK*` Dongarra  Sorensen 
1987 *Zt=<:<&gv/ Hermitian q>qIWph 2k s"v Hermitian q>qI a$WLSts"v Hermitian q>qI9W| Æ$,gD2"v9W|m	-o?B!I9W|DsPIXLPAMF
3. EWIgEWIq>q-JI${-Sgzos Her-
mitian IgzZ/XKX>XK*`3XPIP-vS|C
[a,b]$XKXPHh O(nk) flops, k HSXKXs3a k ≪ nEWID9< QR :SXKX$-v(IS|XK*`MSXKX=NWL<s℄Hh O(nk) flops, D< QR IWBeTI(Vx<sC	Hh Gram-Schmidt Mn-D/Hh(V O(nk2) flops.
4. Jacobi PIDoo*S| Hermitian XKX	\PIg0osMn$?E2&I&-h>qI^#oQV7ÆPE2o&-67_xS>q C7PV^Eh>qI$℄D9tiI QR FIB<$_$aB Jacobi PI=	Ck℄PA1zl
§1.3 P5BgT=YIM>ÆIXKX	\z`MF` d"a>h.ÆIXKX	\1FI>Æ	\E%{Zzh=!J-ÆP	\`IuuÆPJSa*~kFI>IAW|uu70hi +!B#bpv^z`{4U0h$U;B)FZUBFIh<;B)ASa1Wl













?` 6B`!vm'oÆ*IXKX	\{XKÆPHhuu℄2X/XK>Wl 0 f	XKX;B%ÆWÆ. () XK>   >ÆIXKX	\-APIlKFIF 7[qgIi A 3}% O5C;"S7[RzqgIiks*}&$w4gIiks*^T0w4gIiks*zjÆ0rk̀ TR:j[RqgIizekzDlKFI)UHh>*I A gE2℄HhI - *`jkOgaÆIXKX	\3XMF_WWh&oV0	?4ZPh4Zo<*` (ga{Mn<), &EV4ZhZVHh	?XK*`>XKX	\S|FIULuu-	?4Z0Æyl	?4ZhZV	?XK>FlKFI
I: 9wZJN (Rayleigh-Ritz):
1. 0	?4Z Vm, =h dim(Vm) = m, Phg4ZoHMn<*` v1, . . . , vm, o Vm = [v1, . . . , vm];
2. MFlI Hm = V TmAVm;
3. MF Hm oXK*` (λ̃i, yi), =h λ̃i { A XKX λi ^	? 
4. g (λ̃i, Vmyi) { A 	?XK>	?4Z Vm QVPUi-vtUiMnlFI.MnlFIzh4Z-ÆI Arnoldi FI { Lanczos FI [78];
Jacobi-Davidson FI Davidson K?FI [30, 85]. 4Z-ÆFI$℄D9-%>>g	\H. Rutishauer [75] Zt) Chebyshev (AUDY. Saad gDo<&mS|S>g	\ [78]. Æ	Y. Zhou 













?` 7`q:B3K?FI.q:B3PI-4ZBdtq:B3PI`	?4Z- XB [67, 97]. K?<&ma#BkS|FIh [68, 70, 71, 77]. 	q:B3 Arnoldi FI$℄BN}[( [11, 46, 54]. 	MnlFI$℄Bo+B{}	6Æ/N/{
ε = sin∠(ϕ,Vm) = ||(I − PVm)ϕ||{XK*` ϕ 	?4Z Vm Sq=h PVm *4Z Vm MnlF Z. Jia  G. W. Stewart eXa*MnlFI Ritz >$℄BN}[(Æ/N 1.1. [51] p_"SIi Hm zks λ̃ . A zks λ a
|λ̃− λ| ≤ (2||A||+ ||E||)1− 1m ||E|| 1m , (1.3)rw E $ m >Iia ||E|| ≤ ε√


















.W~ λI − B S>/{
sep(λ,B) = ||(λI − B)−1||−1,l
sep(λ,B) ≥ sep(λ̃, B)− |λ̃− λ| > 0,3Æ/NhX 1.2. [51] 4 (λ̃, ϕ̃) $ A zk (λ, ϕ) zDu sep(λ̃, B) > 0,b
sin∠(ϕ, ϕ̃) ≤ (1 + ||A||√
1−ε2sep(λ,B))ε
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